Over the last couple of decades, stochastic thermodynamics has emerged as a powerful framework to describe thermodynamic processes for systems driven arbitrarily far-from-equilibrium. In stochastic thermodynamics, one generally starts with the relation between entropy production for the forward and the time reversed trajectories for deriving symmetry relations. In this paper, I
however, researchers have made significant progress towards this by coming up with crucial results in stochastic thermodynamics. In general, this framework characterizes different thermodynamic quantities for mesoscopic systems far from equilibrium. While Sekimoto [1] interpreted the non-equilibrium counterpart of the first law, it was Evans who found a relation that led to a nontrivial generalization of the second law that is valid far-from-equilibrium [2] . This work was followed by the discovery of a series of interesting symmetry relations proposed by Gallavotti and Cohen [3] , Kurchan [4] , and Lebowitz and H. Spohn [5] . In a major development, Jarzynski proposed a fluctuation theorem (FT) in terms of free energy difference between equilibrium states [6] . Crooks further refined the idea [7, 8] and this work was followed by other FTs like Hatano-Sasa's FT [9] and Seifert's integral FT [10, 11] .
In general, to study stochastic thermodynamics, one needs to consider a connection between the forward and its time reversed path, which is typically accomplished through their respective entropy productions [7] . In this paper, I have established this connection by exploiting the Langevin equations for the forward and the complementary path. An appropriate measure theoretic setup has been employed for that. Specifically, I have shown that the connection between these Langevin equations for the forward and the complementary path can be derived through a change of drift by applying Girsanov's theorem. Accordingly I have arrived at a generalized fluctuation theorem:
where ∆s is the stochastic entropy production. · denotes averaging operation, [a, a] denotes the quadratic variation of a stochastic process a. From this expression, the usual FT can be recovered upon approximation.
Deriving fluctuation theorem via a change of drift
A conservative system can be characterized by the fact that the forward evolution law and its complementary dynamics become identical [12] . Accordingly, the difference between forward and its complementary dynamics captures the energy loss due to dissipation. This particular aspect can be exploited within a measure theoretic setup to derive many interesting relations in stochastic thermodynamics. Here I focus on deriving the FT. In a complete probability space, with the associated probability measure P , let us consider the following Langevin dynamics of a particle of mass m. (2) can be written as below,
Towards arriving at a relation connecting the forward and complementary dynamics, we may effect a change of drift on Eqn. (2) . For that I rewrite this equation as below.
I shall apply Girsanov's theorem on Eqn. (4) such that − 2cx2 σ dt + dB t behaves like a Brownian motion dB t under a new probability measure Q, thereby arriving at the complementary dynamics under the changed measure. This directly implies,
where
where γ t = − 2cx2 σ . For a proof of Eqn. (5) one may refer [13, 14] . To have a more convenient expression for γ t , we perform the following rearrangements.
By putting the above expression for γ t into (6), the first integral term assumes the following form,
Recall that x 2 is the velocity of the particle and σdB t is the force exerted by the bath on the particle. Hence x 2 σdB t must be same as the dissipated heat dq, such that x 2 σdB t = −dq. The integral in (8) may now be rewritten as,
where ∆s is the stochastic entropy production. Finally, using Eqns. (5) and (6) and (9) we arrive at the following equation,
This implies, e −∆s− 1 2 [∆s,∆s] = 1
Eqn. (11) is the generalized FT and if we ignore the quadratic variation of ∆s assuming it to be small we recover the usual FT. However, in the next section I show via a simple example that the new FT is clearly the correct one.
Example
To test the correctness of the proposed FT, we numerically simulate Eqn. (2) with 500000 Monte Carlo particles. c = 1, k = 1000, m = 10 −9 , T = 300K. The 
